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A spectral collocation method is developed to solve transient coupled conduction and radiation heat transfer

problems. For both the radiative transfer equation and the energy equation, the spatial domain is discretized by the

spectral collocation method. The angular domain is discretized by the discrete-ordinates method for radiative

transfer equation. The formulations and implementation of the spectral collocation with discrete-ordinates method

reveal its high efficiency. Because of the exponential convergence of spectral methods in space, a very high accuracy

can be obtained, even though a small number of nodes are used for the present problems. Numerical results in one-

dimensional planar and two-dimensional rectangular geometries by the spectral collocation with discrete-ordinates

methodare comparedwith available results in the literature. These comparisons indicate that the spectral collocation

with discrete-ordinates method for transient conduction–radiation heat transfer is accurate and efficient. Effects of

various parameters, such as the scattering albedo, the conduction–radiation parameter, and the optical thickness are

studied for absorbing, emitting, and isotropically scattering media.

Nomenclature

A = matrix defined in Eq. (26a)
B = matrix defined in Eq. (26b)
C = matrix defined in Eq. (26c)
cp = specific heat of medium, J kg�1 K�1

D�1� = first-order derivative matrix
D�2� = second-order derivative matrix
F = matrix defined in Eq. (26d)
hi, hj, hk = function of the first-order derivative of

Chebyshev polynomials
I = radiative intensity,Wm�2 sr�1

Ib = blackbody radiative intensity, Wm�2 sr�1

i = solution node index for x direction
j = solution node index for y direction
k = solution node index for z direction
ka = absorption coefficient, m�1

ks = scattering coefficient, m�1

L = characteristic length, m
M = number of discrete-ordinates directions
N = total number of spatial solution nodes
Ncr = conduction–radiation parameter,

��ka � ks�=4�T3
ref

Nt = number of discretized time steps
Nx = total number of collocation points in x direction
Ny = total number of collocation points in y direction
Nz = total number of collocation points in z direction
nw = unit outward normal vector of boundary
P = matrix defined in Eq. (24a)
Q = matrix defined in Eq. (24b)
qR = radiative heat flux, Wm�2

R = matrix defined in Eq. (24c)

r = spatial coordinates vector, m
r0 = dimensionless spatial coordinates vector, r=L
s = collocation points
T = temperature, K
Ti, Tj, Tk = the first kind Chebyshev polynomial
Tref = reference temperature, K
t = time, s
U = Chebyshev collocation points in x direction
uben = benchmark solution
unum = numerical solution
V = matrix defined in Eq. (24d)
V = Chebyshev collocation points in y direction
W = Chebyshev collocation points in z direction
w = weight of discrete-ordinates approximation, sr
X = dimensionless coordinate in x direction, x=L
x = coordinate in x direction, m
Y = dimensionless coordinate in y direction, y=L
y = coordinate in y direction, m
Z = dimensionless coordinate in z direction, z=L
z = coordinate in z direction, m
"E = wall emissivity at east boundary
"max = maximum relative error
"W = wall emissivity at west boundary
"w = wall emissivity
� = dimensionless time, ���ka � ks�2t�=�cp
�� = dimensionless time step
� = direction cosine in y direction
� = dimensionless temperature, T=Tref
�̂ = coefficients for spectral approximation in Eq. (21)
� = thermal conductivity,Wm�1 K�1

� = direction cosine in x direction
� = direction cosine in z direction
� = density, kgm�3

� = Stefan–Boltzmann constant,Wm�2 K�4

�L = optical thickness, �ka � ks�L
� = scattering phase function
� = dimensionless radiative intensity, �	I�=��T4

ref�
�̂ = coefficients for spectral approximation in Eq. (21)
�, �0 = unit vector of radiation direction
! = scattering albedo, ks=�ka � ks�

Subscripts

E,W, N, S = east, west, north, and south boundaries
i, j, k = solution node indexes for x, y, and z directions
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l = solution node index
min = minimum value
max = maximum value
w = value at wall

Superscripts

m, m0 = angular direction of radiation
n = time step
� = dimensionless time, ���ka � ks�2t�=�cp
�� = dimensionless time step
0 = initial value
� = the last iterative value

I. Introduction

D URING the pastfive decades,much effort has been expended to
solve coupled conduction and radiation heat transfer problems

in semitransparent media. The motivation for this effort arises from
extensive engineering applications, such as industry furnaces, com-
bustion fabrication devices, glass forming, and the analysis of
thermal performance of porous insulating materials. Therefore,
research on coupled conduction and radiation heat transfer problems
appears to be of practical significance.

Up to now, much research has been performed for coupled
conduction and radiation heat transfer in absorbing, emitting, and
scattering media. Early in 1962, Viskanta and Grosh [1,2] used an
iterative method to analyze coupled conduction and radiation heat
transfer between one-dimensional (1-D) parallel plates filled with an
absorbing and emitting medium. Razzaque et al. [3] developed a
finite element method (FEM) to solve a coupled radiation and
conduction heat transfer problem in a two-dimensional (2-D)
rectangular enclosure filled with a gray medium. Sakami et al. [4]
used the discrete-ordinates method (DOM) to solve a coupled
radiation and conduction problem for a 2-D complex geometry. A
more recent review on methods addressing coupled radiative and
conductive heat transfer can be found in [5]. The integrodifferential
radiative transfer equation (RTE)with or without participatingmedia
can be solved by many numerical methods [6,7], such as the zonal
method, Monte Carlo method, DOM, FEM, finite volume method
(FVM).After the determination of the spatial distribution of radiative
intensity, or that of the radiative energy sources, the diffusion
equation for energy conservation can be solved by the finite
difference method (FDM) or FEM.

As for transient coupled conduction and radiation heat transfer in
participating planarmedia, Barker and Sutton [8] and Sutton [9] gave
the rigorous formulations using an iterative method in combination
with an integral transform technique, and the resulting equations
were numerical solved by successive approximation. Tsai and Lin
[10] used a finite difference/nodal approximation method to solve
this kind of problem; while Yi et al. [11] used a ray-tracing/nodal-
analyzing method. Wu and Ou [12] used an integration method to
investigate this kind of problem in a rectangular absorbing, emitting,
and isotropically scattering media. Liu and Tan [13] studied this kind
of problem in a 2-D participating cylinder subjected to a pulse of
irradiation. In these processes, the DOMwas used to solve the RTE,
and an implicit different scheme was employed for handling the
energy equation. In [14], the Crank–Nicholson scheme was used to
solve the transient energy equation, and the collapsed dimension
method (CDM) was applied to solve the radiative part of the energy
equation. In [15], the performance evaluation of CDM and the
discrete transfer method (DTM) were carried out in terms of
computational time and their abilities to provide accurate results. It
was found that CDMwasmuchmore economical thanDTM. In [16–
18], the lattice Boltzmann method (LBM) was used to solve the
energy equation, and CDM [16], DOM [17], and FVM [18] were
adopted to compute the radiative information. In [19], a nonuniform
LBM was applied to the solution of the energy equation. Recently,
Furmanski and Banaszek [20] developed a new FEM to solve this
kind of problem in a 2-D semitransparent media. David et al. [21]
studied this kind of problem in nongray semitransparent 2-D media

withmixed boundary conditions. Asllanaj et al. [22] studied this kind
of problem in a 2-D complex-shaped domain, and a newFVM, based
on a cell vertex scheme and associated to a modified exponential
scheme, was used to solve the RTE. Luo et al. [23] used a ray-tracing/
node-analyzing method to investigate transient coupled heat transfer
in a rectangular media.

In the field of numerical simulation, it is well known that the FEM,
the FVM, and the FDM can provide linear convergence, while
spectral methods can provide exponential convergence [24]. Spectral
methods were widely applied in computational fluid dynamics
[25,26], electrodynamics [27] and magnetohydrodynamics [28].
Early in 1979, Chawla and Chan [29] used the collocation method,
based on B-splines approximating function, to solve combined
radiation and conduction problems. Later, Kamiuto [30] developed
the Chebyshev collocation method to solve the 1-D RTE. Zenouzi
andYener [31] used theGalerkinmethod to solve the radiative part of
a radiation and natural convection combined problem. Kuo et al. [32]
made a numerical comparison between spectral methods and the
FVM for solving combined radiation and natural convection
problems, and they concluded that spectral methods were more
accurate. De Oliveira et al. [33] developed a combination of spectral
method and the Laplace transform to solve radiative heat transfer
problems in isotropically scattering media. In 2008, the collocation
spectral method for the radiative part of stellar modeling was carried
out in [34]. Recently, in Modest and Yang’s work [35], the spherical
harmonics method was further developed to reduce the number of
first-order partial differential equations. Researchers [36–41] have
successfully developed the Chebyshev collocation spectral method
for 1-D radiative heat transfer in anisotropically scattering media
[36], 1-D radiative heat transfer in graded refractive index media
[37], coupled conduction and radiation in concentric spherical
participating media [38], combined radiation and conduction heat
transfer in 1-D semitransparent media with graded index [39],
transient coupled conduction and radiation in an anisotropically
scattering slab with graded index [40], and three-dimensional (3-D)
radiative heat transfer [41].

In this paper, we extend the collocation spectral method to solve
transient coupled conduction and radiation heat transfer problems in
absorbing, emitting, and scattering media. The governing equations
are presented in the second section of this paper. The spectral
collocation with discrete-ordinates method (SP-DOM) formulations
for the RTE and the energy equation and the solution procedure are
presented in detail in the third section. Validation using typical cases
which are available in the literature is preformed in the fourth section.
Finally, the last section gives the conclusions.

II. Governing Equations

For transient coupled conduction and radiation heat transfer
problemswithout heat generation, the energy equation can bewritten
as

�cp
@T�r; t�
@t

� �r2T�r; t� � r 	 qR�r� (1)

with the initial and boundary conditions

T�r; 0� � T0�r� (2)

T�rw; t� � Tjr�rw (3)

where r 	 qR�r� is the radiative energy source given by

r 	 qR�r� � ka�4	Ib�r� �
Z
4	

I�r;�� d�� (4)

In the Cartesian coordinate system, assuming that the medium is
gray and neglecting the transient radiative term, since the radiative
propagation time is much faster than the thermal response of the
medium, the governing equation for radiative transfer in terms of
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radiation intensity in absorbing, emitting, and scattering media can
be expressed as

�� 	 r�I�r;�� � ��ka � ks�I�r;�� � kaIb�r�

� ks
4	

Z
4	

I�r;�0����0;�� d�0 (5)

For an opaque and diffuse boundary, the boundary condition is given
as

I�rw;�� � "wIb�rw� �
1 � "w
	

Z
nw 	�0>0

I�rw;�0�jnw

	�0jd�0; nw 	�< 0 (6)

For convenience of analysis, the energy equation and the RTE
together with their initial and boundary conditions are non-
dimensionalized as

@��r0; ��
@�

� 1

�2L
r2��r0; �� � �1 � !�

Ncr

�
�4�r0; ��

� 1

4	

Z
4	

��r0;�; �� d�
�

(7)

��r0; 0� ��0�r0� (8)

��r0w; t� ��jr0�r0w (9)

1

�L
�� 	 r���r0;�� ���r0;�� � �1 � !��4�r0�

� !

4	

Z
4	

��r0;�0����0;�� d�0 (10)

��r0w;�� � "w�4�r0w� �
1 � "w
	

Z
nw 	�0>0

��r0w;�0�jnw

	�0jd�0; nw 	�< 0 (11)

III. Discretization of the Energy Equation and the
RTE, and the Solution Procedure

A. Temporal Discretization of the Energy Equation

Using the fully implicit difference scheme, the temporal discretiz-
ation of the energy equation (7) reads

����� ���

��
� 1

�2L
r2����� � �1 � !�

Ncr

�
�������4

� 1

4	

XM
m0�1

�m;����wm
�

(12)

The fully implicit scheme is unconditionally stable. Equation (12)
can be expressed as

��

�2L
r2�n�1 � ��

Ncr

�1 � !���n�1�4 ��n�1

����

Ncr

�1 � !� 1
4	

XM
m�1

�m;n�1wm ��n (13)

Equation (13) is a strongly nonlinear partial differential equation.
To reduce the nonlinearity, we rewrite it in a new equivalent form as
in [38] for the convenience of spatial discretization later:

��

�2L
r2�n�1 � 2��

Ncr

�1 � !���n�1�4 ��n�1

����

Ncr

�1 � !�
�
��n�1�4 � 1

4	

XM
m0�1

�m;n�1wm
�
��n (14)

B. Discrete-Ordinates Equation of the RTE

The discretized form of the RTE is obtained by evaluating Eq. (10)
in each discrete direction and replacing the integral by a numerical
quadrature to give

1

�L

�
�m

@��r0;�m�
@X

� �m @��r
0;�m�
@Y

� �m @��r
0;�m�
@Z

�
���r0;�m� � �1 � !��4�r0�

� !

4	

XM
m0�1

��r0;�m0 ��m0;mwm
0
; m� 1; 2; 	 	 	 ;M (15)

The discrete-ordinates representation of the boundary condition,
Eq. (11), is given by

��r0w;�m� � "w�4�r0w� �
1 � "w
	

XM
m0�1;nw 	�m0>0

��r0w;�m0 �jnw

	�m0 jwm0 ; nw 	�m < 0; m� 1; 2; 	 	 	 ;M (16)

C. Chebyshev Collocation Spectral Formulation

The Chebyshev–Gauss–Lobatto collocation points are used for
spatial discretization:8>><

>>:
Ui �� cos 	i

Nx
; i� 0; 1; . . . ; Nx

Vj �� cos 	j
Ny
; j� 0; 1; . . . ; Ny

Wk �� cos 	k
Nz
; k� 0; 1; . . . ; Nz

(17)

The mappings of arbitrary intervals �Xmin; Xmax� 
 �Ymin; Ymax� 

�Zmin; Zmax� to standard intervals ��1; 1� 
 ��1; 1� 
 ��1; 1� are
needed to fit the requirements of the Chebyshev collocation spectral
method:8>><

>>:
U� 2X��Xmax�Xmin�

Xmax�Xmin
; X� U�Xmax�Xmin���Xmax�Xmin�

2

V � 2Y��Ymax�Ymin�
Ymax�Ymin

; Y � V�Ymax�Ymin���Ymax�Ymin�
2

W � 2Z��Zmax�Zmin�
Zmax�Zmin

; Z� W�Zmax�Zmin���Zmax�Zmin�
2

(18)

After interval mapping, Eqs. (14) and (15) become

��

�2L

��
2

Xmax � Xmin

�
2 @2�n�1

@U2
�
�

2

Ymax � Ymin

�
2 @2�n�1

@V2

�
�

2

Zmax � Zmin

�
2 @2�n�1

@W2

�
� 2��

Ncr

�1 � !���n�1�4 ��n�1

����

Ncr

�1 � !�
�
��n�1�4 � 1

4	

XM
m�1

�m;n�1wm
�
��n (19)

�m

�L

�
2

Xmax � Xmin

�
@�m

@U
� �

m

�L

�
2

Ymax � Ymin

�
@�m

@V

� �
m

�L

�
2

Zmax � Zmin

�
@�m

@W
��m � �1 � !��4

� !

4	

XM
m0�1

�m0�m0;mwm
0
; m� 1; 2; 	 	 	 ;M (20)

The dimensionless temperature and the dimensionless radiative
intensity can be approximated by
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(
��U; V; W� �

PNx
i�0
PNy

j�0
PNz

k�0 �̂i;j;kTi�U�Tj�V�Tk�W�

�m�U; V; W� �
PNx

i�0
PNy

j�0
PNz

k�0 �̂i;j;kTi�U�Tj�V�Tk�W�
(21)

The polynomials of degreeNx,Ny, andNz defined by Eq. (21) can
be the Lagrange interpolation polynomial based on the sets fUig,
fVjg, and fWkg, such as

(
��U;V;W��

PNx
i�0
PNy

j�0
PNz

k�0hi�U�hj�V�hk�W���Ui;Vj;Wk�

�m�U;V;W��
PNx

i�0
PNy

j�0
PNz

k�0hi�U�hj�V�hk�W��m�Ui;Vj;Wk�
(22)

To avoid solving for spectral coefficients and performing fast
cosine transformation, we use Eq. (22) rather than Eq. (21) in
Eqs. (19) and (20).

D. Discretization and Numerical Implementation

Substituting Eq. (22) into Eq. (19), one can obtain the spectral
discretized linear equation:

XNx
l�0

Pil�ljk �
XNy
l�0

Qjl�ilk

�
XNz
l�0

Rkl�ijl �
2��

Ncr

�1 � !����ijk�3�ijk � Vijk (23)

where the elemental expressions for matrices P, Q, R, and V are

Pil �

8>><
>>:

��

�2
L

�
2

Xmax�Xmin

�
2

D�2�il � 1; i� l

��

�2L

�
2

Xmax�Xmin

�
2

D�2�il ; i ≠ l

(24a)

Qjl �
��

�2L

�
2

Ymax � Ymin

�
2

D�2�jl (24b)

Rkl �
��

�2L

�
2

Zmax � Zmin

�
2

D�2�kl (24c)

Vijk��
��

Ncr

�1�!�
�
���;n�1ijk �4�

1

4	

XM
m�1

�m;n�1
ijk wm

�
��n

ijk (24d)

Similarly, the spectral discretization of the RTE can be written in
matrix form:

XNx
l�0

Amil�
m
ljk �

XNy
l�0

Bmjl�
m
ilk

XNz
l�0

Cmkl�
m
ijl � Fmijk; m� 1; 2; . . . ;M

(25)

where the elemental expressions for matrices Am, Bm, Cm, and Fm

are
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cr
=0.10

Fig. 1 Exponential convergence rate of the spectral collocationmethod

according to total number of spatial solution nodes.

Table 1 Effects of various combinations of nodes

and angular directions in SP-DOM on dimensionless
temperature at three locations for �L � 1:0, !� 0:5,

Ncr � 0:1, and TE � 0:5Tref

N M X� 0:25 X � 0:50 X� 0:75

6 4 0.8923 0.7923 0.6682
10 6 0.8922 0.7924 0.6685
14 8 0.8922 0.7925 0.6688
20 10 0.8922 0.7925 0.6689
40 12 0.8922 0.7926 0.6689

Table 2 The transient dimensionless temperature � at dimensionless time �� 0:05 for

�L � 1:0, !� 0:5, Ncr � 1:0, and TE � 0:0 and two sets of wall reflectivitiesa

Transient temperature �
Investigators X� 0:25 X � 0:50 X� 0:75

"W � 1:0, "E � 1:0
Talukdar and Mishra [14] 0.4892 0.1768 0.0585
Barker and Sutton [8] 0.4893 (0.02%) 0.1775 (0.40%) 0.0588 (0.51%)
Sutton [9] 0.4888 (0.08%) 0.1778 (0.57%) 0.0591 (1.03%)
Tsai and Lin [10] 0.4889 (0.06%) 0.1773 (0.28%) 0.0588 (0.51%)
Mishra and Roy [18] 0.4897 (0.10%) 0.1771 (0.17%) 0.0581 (0.68%)
Mondal and Mishra [19] 0.4898 (0.12%) 0.1771 (0.17%) 0.0581 (0.68%)
SP-DOM (present) 0.4888 (0.08%) 0.1771 (0.17%) 0.0587 (0.34%)

"W � 1:0, "E � 0:0
Talukdar and Mishra [14] 0.5033 0.1995 0.0824
Barker and Sutton [8] 0.5035 (0.04%) 0.2003 (0.40%) 0.0831 (0.85%)
Sutton [9] 0.5030 (0.06%) 0.2005 (0.50%) 0.0833 (1.09%)
Tsai and Lin [10] 0.5031 (0.04%) 0.2001 (0.30%) 0.0830 (0.73%)
Mishra and Roy [18] 0.4996 (0.74%) 0.1991 (0.20%) 0.0820 (0.49%)
Mondal and Mishra [19] 0.5018 (0.30%) 0.1965 (1.50%) 0.0817 (0.85%)
SP-DOM (present) 0.5031 (0.04%) 0.1998 (0.15%) 0.0826 (0.24%)

aNumbers in parentheses are relative errors compared with [14].

826 SUN AND LI



Amil �

8>><
>>:

�m

�L

�
2

Xmax�Xmin

�
D�1�il � 1; i� l

�m

�L

�
2

Xmax�Xmin

�
D�1�il ; i ≠ l

(26a)

Bmjl �
�m

�L

�
2

Ymax � Ymin

�
D�1�jl (26b)

Cmkl �
�m

�L

�
2

Zmax � Zmin

�
D�1�kl (26c)

Fmijk � �1 � !��4
ijk �

!

4	

XM
m0�1

�m0
ijk�

m0 ;mwm
0

(26d)

The implementation of the Chebyshev collocation spectral
method for solving transient coupled conduction and radiation heat
transfer problems can be executed through the following routine:

Step 1: Choose the resolution (number of collocation points) Nx,
Ny, and Nz, compute the coordinate values of nodes using Eqs. (17)

a)

b)

c)
Fig. 2 Dimensionless temperature � in a planar medium at different

instants � for scattering albedo: a) !� 0:0, b) !� 0:5, and c) !� 0:9.

a)

b)

c)
Fig. 3 Dimensionless temperature � in a planar medium at different

instants � for conduction–radiation parameter: a) Ncr � 0:01,
b) Ncr � 0:1, and c) Ncr � 1:0.
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and (18), and give the radiative intensity and the temperature initial
assumptions (zero, for example), except for boundary conditions.

Step 2: ComputematricesA,B,C,D�1�,D�2�,P,Q, andR once for
all [Eqs. (24a–24c) and (26a–26c)].

Step 3: Loop at each time step, n� 1; 2; . . . ; Nt.
Step 4: Calculate the matrix V [Eq. (24d)], impose the boundary

condition [Eq. (9)], and directly solve Eq. (23).
Step 5: Calculate the matrix Fm [Eq. (26d)], impose the boundary

condition [Eq. (16)], and directly solve Eq. (25) in each angular
direction.

Step 6: Terminate the iteration if the relative maximum absolute
difference between two consecutive iterates for the dimensionless
radiative intensities for all nodes and directions or for dimensionless
temperatures for all nodes are less than the tolerance (10�6, for
example); otherwise, go back to step 4.

Step 7: If the maximum time has not been reached, go to step 3,
else do postprocessing.

From the above steps, themost important steps, specifically for the
matrix equations solution, steps 4 and 5, can be executed directly and
efficiently, while other steps are only concerned with assembling the
matrices.

IV. Results and Discussion

In our present work, we consider transient conduction and
radiation heat transfer problems in 1-D planar and 2-D square
geometries. For these problems, the angular domain is discretized by
the DOM, and the spatial domain is discretized by the spectral
collocation method.

A. Coupled Conduction and Radiation Heat Transfer in a
One-Dimensional Planar Medium

In this case, initially the medium is at temperature TE. From
time t � 0, the west boundary is maintained at TW � Tref . The
conducting–radiating medium is considered to be absorbing,
emitting, and isotropically scattering. The medium boundaries are
assumed to be diffuse gray. Thermophysical properties are constant.
Benchmark results for this problem are available in [8–10,14,18,19].

In the SP-DOM, the dimensionless time step ��� 1:0 
 10�4 is
used, and steady-state conditions are assumed to have been achieved
when the maximum absolute difference of dimensionless temper-
ature� at any location between two consecutive time steps does not
exceed 1:0 
 10�6. The exponential convergence characteristic of
spectral methods is studied for two values of conduction–radiation
parameter: namely, Ncr � 0:01 and 0.1. Figure 1 shows the
exponential convergence characteristic of spectral methods against

the resolution for the case of optical thickness �L � 1:0, scattering
albedo !� 0:5, and initial temperature TE � 0:5Tref , where the
solution obtained using N � 50 is considered as the benchmark
solution. It can be seen that the convergence rate is very fast for
different values of conduction–radiation parameter and approx-
imately follows an exponential law trend.

For the sake of quantitative comparison to the benchmark solution,
the maximum relative error is defined as

"max �max

�
junum � ubenj
jubenj

�

 100% (27)

Then we investigated the effect of various combinations of nodes
and angular directions on dimensionless temperature � by
comparing the steady-state results at three locations. Results
obtained for optical thickness �L � 1:0, scattering albedo !� 0:5,
conduction–radiation parameter Ncr � 0:1, and initial temperature
TE � 0:5Tref , are listed in Table 1. It can be seen that with the
combination of N � 14 and M� 8, the maximum variation in
dimensionless temperature is less than 4:3561 
 10�5. A similar
trend is observed for other sets of parameters and therefore need not
be reproduced here. For subsequent computations, the number of
nodes N � 14 is used for spatial discretization, and the total solid
angle is subdivided intoM� 8 directions.

In Table 2, for the two sets of boundary emissivities, the SP-DOM
results for dimensionless temperature � at three locations in the
medium (X � 0:25, 0.5, and 0.75) are compared at dimensionless
time �� 0:05 with those reported in [8–10,14,18,19]. For this
comparison, the entire system is initially considered to be cold
TE � 0:0 and the west boundary is maintained at TW � Tref . The
values of the parameters are optical thickness �L � 1:0, scattering
albedo !� 0:5, and conduction–radiation parameter Ncr � 0:1.
Table 2 clearly shows that the SP-DOM results agree with those of
Talukdar andMishra [14], Barker and Sutton [8], Sutton [9], Tsai and
Lin [10], Mishra and Roy [18], and Mondal and Mishra [19]. Here,
the number of nodesN � 14 is used for the SP-DOM; however, 100
control volumes/lattices are used in [18] for the LBM-FVM and the
FVM-FVM. When the same accuracy is needed, very few nodes are
needed by SP-DOM, hence saving computational resources. The
reason is that for LBM and FVM, the computation at any lattice/
volume involves only very few neighboring lattice/volume values,
while the spectral methods are global methods, where the compu-
tation at any given point depends on information from the entire
domain [24–26,42].

For �L � 1:0, Ncr � 0:01, and TE � 0:5Tref , the SP-DOM
approximation of the dimensionless temperature � at different

Table 3 Steady-state dimensionless temperature � at three locations on centerline (X� 0:5) in a black square enclosure; !� 0:0a

Centerline �at Y Mishra et al. [15] Wu and Ou [12] Mondal and Mishra [19] Yuen and Takara [44] SP-DOM (present)


� 0:1, Ncr � 0:1
0.3 0.734 0.733 (0.14%) 0.734 (0.00%) 0.733 (0.14%) 0.735 (0.14%)
0.5 0.626 0.626 (0.00%) 0.626 (0.00%) 0.630 (0.64%) 0.626 (0.00%)
0.7 0.561 0.561 (0.00%) 0.561 (0.00%) 0.563 (0.36%) 0.560 (0.18%)


� 1:0, Ncr � 1:0
0.3 0.737 0.733 (0.54%) 0.737 (0.00%) 0.737 (0.00%) 0.737 (0.00%)
0.5 0.630 0.630 (0.00%) 0.630 (0.00%) 0.630 (0.00%) 0.630 (0.00%)
0.7 0.564 0.560 (0.71%) 0.564 (0.00%) 0.560 (0.71%) 0.564 (0.00%)


� 1:0, Ncr � 0:1
0.3 0.759 0.760 (0.13%) 0.759 (0.00%) 0.763 (0.53%) 0.759 (0.00%)
0.5 0.663 0.663 (0.00%) 0.664 (0.15%) 0.661 (0.30%) 0.662 (0.15%)
0.7 0.594 0.590 (0.67%) 0.596 (0.34%) 0.589 (0.84%) 0.594 (0.00%)


� 1:0, Ncr � 0:01
0.3 0.789 0.791 (0.25%) 0.784 (0.63%) 0.807 (2.28%) 0.786 (0.38%)
0.5 0.725 0.725 (0.00%) 0.726 (0.14%) 0.726 (0.14%) 0.724 (0.14%)
0.7 0.666 0.663 (0.45%) 0.678 (1.80%) 0.653 (1.95%) 0.669 (0.45%)


� 5:0, Ncr � 0:1
0.3 0.802 0.834 (3.99%) 0.800 (0.25%) 0.802 (0.00%) 0.795 (0.87%)
0.5 0.706 0.689 (2.41%) 0.706 (0.00%) 0.707 (0.14%) 0.706 (0.00%)
0.7 0.626 0.585 (6.55%) 0.625 (0.16%) 0.626 (0.00%) 0.628 (0.32%)

aNumbers in parentheses are relative errors compared with [15].
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instants of dimensionless time � for three scattering albedo of
!� 0:0, 0.5, and 0.9 are shown in Fig. 2, and compared to the results
obtained by Mishra and Roy [18]. The SP-DOM results are very
close to those of the LBM-FVM [18]. The maximum relative error of
the SP-DOM results is less than 2.4738%.

In Fig. 3, the dimensionless temperatures � of the SP-DOM and
the LBM-DOM [17] are compared for different Ncr With �L � 1:0,
!� 0:0 and initial temperature TE � 0:5Tref , these comparisons are
shown in Figs. 3a–3c for Ncr � 0:01, 0.1, and 1.0, respectively. It
can be seen that for both radiation-dominated (Ncr � 0:01) and

conduction-dominated (Ncr � 1:0) situations, the results of the SP-
DOM and the LBM-DOM are in good agreement with each other.
The maximum percentage errors between the SP-DOM and the
LBM-DOM are 1.2588, 1.3248, and 1.8331% for Ncr � 0:01, 0.1,
and 1.0, respectively. For Ncr � 1:0, in the early stages where
�� 0:001 and 0.005, the SP-DOM results at some distance from the
hot (west) boundary are higher than the LBM-DOM results. The
reason is that the convergence rates are different for spectral
methods and the LBM, and transient results may differ to some
degree.

a)

b)

c)
Fig. 4 Dimensionless temperature � on centerline (X � 0:5) in a

square enclosure at different instants � for scattering albedo: a)!� 0:0,
b) !� 0:5, and c) !� 0:9.

a)

b)

c)
Fig. 5 Dimensionless temperature � on centerline (X� 0:5) in a

square enclosure at different instants � for conduction–radiation

parameter: a) Ncr � 0:01, b) Ncr � 0:1, and c) Ncr � 1:0.
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B. Coupled Conduction and Radiation Heat Transfer in a

Two-Dimensional Square-Enclosure Medium

For a 2-D square transient coupled conduction and radiation heat
transfer problem, the initial temperatures of the east wall, the west
wall, the north wall, and the medium are TE � TW � TN�
T0 � 0:5Tref . From t � 0, the temperature of the south boundary is
TS � Tref . The conducting–radiating medium is considered to be
absorbing, emitting, and isotropically scattering. The medium
boundaries are assumed to be diffuse gray. The thermophysical
properties are held constant.

In this 2-D case, the dimensionless time step ��� 1:0 
 10�4 is
used as in the 1-D case, and steady-state conditions are assumed to
have been achieved when the maximum temperature at any location
between two consecutive time steps does not exceed 1:0 
 10�6. For
this case, the number of nodesNx 
 Ny � 14 
 14 is used for spatial
discretization, and the total solid angle is subdivided into 80
directions (SSD3b approximation [43]).

The dimensionless temperatures � at three Y locations on the
centerline (X � 0:5) in the case of scattering albedo !� 0:0 are
listed in Table 3. The results from the SP-DOM are compared with
those ofWu andOu [12],Mishra et al. [15],Mondal andMishra [19],
andYuen and Takara [44]. FromTable 3, it is clearly seen that the SP-
DOM can provide more accurate results than those of Wu and Ou
[12], Mondal and Mishra [19], and Yuen and Takara [44]. Here,
CDM results [15] are chosen as benchmark results. CDM has been
found to be successful for both pure radiative [15,45] and combined
problems [14,15,46]. It gives very accurate results for optically very
thin to very thick cases. In addition, in [15], CDM is found to bemore
economical than the DTM.

For �L � 1:0 and Ncr � 0:01, Fig. 4 shows the dimensionless
temperatures� at different instants � on the centerline (X � 0:5) for

three different values of the scattering albedo: namely, !� 0:0, 0.5,
and 0.9. As shown in Fig. 4, the SP-DOM results are very close to
those of the LBM-FVM [19]. For !� 0:0, 0.5, and 0.9, the
maximum percentage errors between the two methods are 2.9917,
3.7128, and 3.5146%, respectively.

Figure 5 shows the dimensionless temperatures � at different
instants � on the centerline (X � 0:5) for three different values of the
conduction–radiation parameter: namely,Ncr � 0:01, 0.1, and 1.0. It
can be seen that for Ncr � 0:01, 0.1, and 1.0, the maximum
percentage errors of SP-DOM results are 2.4917, 3.8867, and
3.5627%, respectively, as compared with those of the LBM-FVM
[19].

Figure 6 shows the dimensionless temperatures � at different
instants � on the centerline (X� 0:5) for two different values of the
optical thickness: namely, �L � 0:1 and 1.0. For both �L � 0:1 and
1.0 cases, the maximum percentage errors between the SP-DOMand
the LBM-CDM [16] are 0.7261 and 3.7654%. It is noted that the
number of nodes used for the SP-DOM is Nx 
 Ny � 14 
 14;
however, the number of control volumes/lattices used for the LBM-
CDM is Nx 
 Ny � 20 
 20.

V. Conclusions

The spectral collocation method is successfully applied to solve
transient coupled conduction and radiation heat transfer problems in
1-D planar and 2-D square geometries containing absorbing,
emitting, and isotropically scattering media. The spatial dependence
of the temperature and radiative intensity are expressed by
Chebyshev polynomials, the governing equations are discretized by
the spectral collocation method, and the angular dependence of
radiative intensity is discretized by the DOM. Transient and steady-
state medium temperature distributions are found for various values
of the scattering albedo, the conduction–radiation parameter, and the
optical thickness. The results of the SP-DOM are compared with
available results in the literature. These comparisons indicate that the
SP-DOM has good accuracy and efficiency, even using onlyN � 14
nodes and the S8 approximation in a 1-D planar medium and using
Nx 
 Ny � 14 
 14 and the SSD3b approximation in a 2-D square
enclosure.
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